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3 Commissariat à l’Energie Atomique, DPTA, BP 27, 91680 Bruyères-le-Châtel, France

Received: 19 June 1998 / Received in final form: 14 January 1999

Abstract. A two-dimensional axisymmetric model of the propagation of intense femtosecond laser pulses
through dispersion-free transparent media is described. The effects of diffraction, nonlinear Kerr effect
(instantaneous and retarded) and multiphoton ionisation are included. Numerical results concerning air
and other gases are discussed. In particular, time self-compression of femtosecond pulses is predicted. Stable
self-guided pulses are simulated, in agreement with recent experimental observations.

PACS. 42.65.Tg Optical solitons; nonlinear guided waves 42.65.-k Nonlinear optics 52.35.Mw Nonlinear
waves and nonlinear wave propagation (including parametric effects, mode coupling, ponderomotive effects,
etc.)

1 Introduction

Lasers delivering sub-picosecond pulses with peak powers
reaching several terawatts are currently in operation in
several laboratories.

In many end-users applications, such as the generation
of ultrashort secondary sources [1,2], it is very important
to be able to predict how the electromagnetic field of the
pulses evolves as it propagates, starting from a location
where the field is well determined. This can be computed
relatively simply with linear codes as long as the beam
propagates in vacuum. However, in many cases, the beam
must cross transparent nonlinear media, for instance air or
optical windows. This can lead to important changes of the
beam characteristics such as pulse shortening, pulse split-
ting and beam filamentation [3,4]. Within some approxi-
mations, analytical solutions can be found [5–7] in a few
restricted cases to describe the modification of the pulse;
for instance, the “moving focus” model [1,8,9] explains
rather well many features also observed with nanosecond
pulses. However, in most situations, analytic approxima-
tions are useless and one must resort to a more elaborate
propagation code.

Several nonlinear propagation codes have been devel-
oped so far, generally for plasma studies such as model-
ling of long-pulses propagation in both inertial confine-
ment fusion and ultra high intensity pulses contexts. In
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some codes, transverse effects such as diffraction and self-
focusing are taken into account within a steady-state ap-
proximation [10–12]. In other cases, transverse effects are
not included, so that the beam is considered as one-
dimensional. Such codes are adequate for the propaga-
tion of the beam in optical fibres [13]. Ionisation of the
medium at high intensity considerably complicates the
problem because it couples space and time. When dealing
with ultrashort pulses, the dynamics of the retarded Kerr
response brings an additional difficulty. Very recently, sev-
eral groups have reported results from a genuine 3-D or 2-
D axisymmetric code describing the nonlinear propagation
of intense femtosecond pulses. Kandidov and Brodeur [14–
16] have considered nonlinear propagation with ionisation
and instantaneous Kerr effect. Their code is suitable for
laser intensities less than 1016 W/cm2. Mlejnek et al. and
Ranka et al. [17] have reported on a more elaborate form
of a similar code, including instantaneous optical Kerr ef-
fect, group velocity dispersion, absorption, ionisation and
self-steepening. Borisov et al. [12] and Mora et al. [18–20]
have developed codes suitable for the propagation of ultra
intense laser pulses (with intensities above 1017 W/cm2).
They adopt a “particles-in-cell” approach to describe the
relativistic motion of electrons within a strongly ionised
plasma.

In this paper we describe in detail a 2-D axisymmet-
ric propagation code valid in the intermediate intensity
range (I < 1015 W/cm2). It includes the nonlinear Kerr
effect which can be instantaneous and/or retarded [21] as
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well as the ionisation of the medium through multiphoton
absorption or field ionisation. It calculates the spectrum,
the time and spatial profiles of the beam at any location.
Propagation of pulses can be computed over distances of
several of meters within a reasonable time (typically a few
hours on a workstation). Group velocity dispersion is not
included, so that the code in its present form is applicable
only to propagation in gases, for a limited distance. We
also neglect losses due to ionisation1. We believe that the
present code, despite its limitations can be very useful for
such problems as the determination of optimal conditions
for filamentation and energy coupling to the self-guided
pulse.

Section 2 describes the model in detail. Section 3
presents the numerical techniques. Sect 4 shows results of
simulations within conditions close to experimental ones.

2 Theoretical model

2.1 Pulse propagation

The propagation of an intense femtosecond laser pulse in a
gas involves linear diffraction, linear and nonlinear refrac-
tion as well as ionisation of the gas. The refractive index
of a neutral gas varies as a function of the local laser in-
tensity I(z, r, t), where z denotes the propagation axis, r
the transverse axis and t the time. The electric field E
is expressed as a quasi-plane wave propagating towards
increasing z:

→
E (z,

→
r , t) =

→
E(z,

→
r , t)e−iω0t+ik0z + c.c , (1)

where
→
E denotes the slowly varying envelope as complex

quantity, ω0 and k0 are the radial frequency and the wave
vector of the incident carrier wave in the medium, respec-
tively.

If the pulse polarisation is unmodified, we are left with
a scalar paraxial equation:
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Here∆ε = 2N0∆N represents the modification of the di-
electric permitivity, where N0 is the linear index of the
medium and ∆N , the nonlinear index, is assumed to be
much smaller than N0. ⊥ denotes the transverse coordi-
nate. By using the normalized quantities η = z/(c/ω0),

τ = ω0t− ηω0/k0c and ⊥̃ = r̃ = r/(c/ω0), the equation of
the electric field E(η, τ) becomes:

2i
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ω0

∂E

∂η
+∇2

r̃E +∆εE = 0 . (3)

In this equation,

1 In a more complete model, that we have developed recently,
losses have been incorporated together with group velocity dis-
persion. This new version of our code requires a tenfold increase
of the computing time. We find little differences between both
versions of the code as long as the propagation distance after
the onset of ionisation is kept small (less than a few meters).

– the term ∂E/∂η represents the electric field evolution
along the propagation axis,

– the term ∇2
r̃E represents the linear diffraction,

– the third term of equation (2) denotes the nonlinear
variation of the index of the medium, or equivalently
the coupling between the medium and the pulse.

This equation is based on the following approxima-
tions:

a) The slowly varying envelope approximation by
neglecting the second derivative ∂2E/∂t2 compared to
ω0∂E/∂t. This restricts the validity of the code to pulse
durations of the order of, or larger than, 10 fs in the visible
range.

b) The group velocity dispersion is neglected. Group
velocity is proportional to ∂2E/∂t2 and becomes impor-
tant even in gaseous media away from a resonance, when
ultrashort pulses are used. For example, a 10 fs pulse at
800 nm experiences a broadening due to group velocity
dispersion of

√
2 over a distance of 10 meters in argon.

c) The paraxial approximation: this restricts the valid-
ity of the code to small divergences of the beam (k‖ < k⊥)
and slow axial variations over the wavelength scale λ0.
Consequently, no reflection is considered.

d) The electric field is alwayspure transverse (
→
∇×
→
E =0).

e) For the Kerr nonlinearity, we assume that a pertur-
bation expansion in successive orders of the electric field
is valid.

f) We consider only underdense plasmas. The free elec-
tron density is assumed to be small compared to both the
atomic density N00 and the critical density nc that makes
the plasma opaque. The critical density is given by the ex-
pression nc = 1012/λ2

0 with the density in units of cm−3

and λ0 in m.
The nonlinear index ∆N is expressed as a superpo-

sition of free electron contribution (corresponding to the
plasma effects) and bound electron contribution (repre-
senting the nonlinear Kerr effect):

∆N = ∆NKerr −
ω2

p

2ω2
0

, (4)

where ω2
p(t) = nf(t)e

2/meε0 denotes the radial electron
plasma frequency, with nf(t) the time varying free electron
density, −e the electron charge, me the electron mass and
ε0 the dielectric permitivity of vacuum.

g) Losses due to multiphoton ionisation have been ne-
glected. Over a propagation distance of a few meters after
the start of filamentation such losses are relatively small
and hence will not affect significantly the numerical re-
sults.

2.2 Plasma contribution

The plasma contribution to the non-linearity is first ex-
amined. One must calculate nf(t) in order to have the
second term on the right hand side of equation. (4). nf(t)
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is given by

nf(t) =
∑
k

kNk , (5)

Nk is the density of atoms with charge −ke.
Before the interaction with the pulse, the gas is as-

sumed to be electrically neutral with atom density N00.
During the pulse, ions are created. The charge density of
atoms changes according to

dNk
dt

= wk−1Nk−1 − wkNk , (6)

where k is the degree of ionisation of the atom, wk rep-
resent the ionisation rate of the atom with charge −ke.
The ionisation rate wk is a function of the laser intensity.
Here we neglect collisional ionisation which is negligible
in the intensity and gas density regime that we consider
(I ≤ 1015 W/cm2).

Depending on the laser intensity the creation of free
electrons is described by one of the following models:
the multiphoton ionisation model or the tunnel ionisation
model.

The separation between these regimes is given by the
Keldysh constant Γ defined by [22]:

Γk =

[
Uk

2V

]1/2

, (7)

where Uk is the ionisation potential of one atom and V
the quiver energy of a free electron in the laser field;
V = eE2/4meω

2
0. For Γ < 1 the tunnel regime is dominant

whereas for Γ > 1 the multiphoton regime is the strongest
effect. In the multiphoton regime which applies to inten-
sities below 1014 W/cm2, the ionisation rate is given by

wk = σpkI
p , (8)

where p is the number of photons required to reach the
ionisation of a given level k with potential Uk given in
eV as

p = eUk/hν . (9)

In the tunnel regime, above 1014 W/cm2 we adopt the
A.D.K. model valid for a linearly polarised incident
field [22–26]:

wk =

[
3

π

(
Uk

UH

)3/2
E

Eat

]1/2

wi,k(E) , (10)

with

wi,k =
ωat

2
C2
n∗
Uk

UH

[
2

(
Uk

UH

)3/2
Eat

E

]2n∗−1

× exp

[
−

2

3

(
Uk

UH

)3/2
Eat

E

]
,

n∗ = Z

√
UH

Uk
, and Cn∗ =

(
2 exp(1)

n∗

)n∗
1

√
2πn∗

.

Z is the charge number of the ion, Eat = 5.142·1011 V/m is
the characteristic electric field strength on the first Bohr
orbit of the hydrogen atom, ωat = 4.16 · 1016 s−1 is the
gyration radial frequency of that first Bohr orbit, UH =
13.6 eV is the ionisation potential of hydrogen.

2.3 Kerr nonlinearity

The nonlinear refractive-index coefficient of the medium
is expressed as

nI =
∑
k

Nkn2,k , (11)

where n2,k is the nonlinear coefficient of one atom (k = 0)
or one ion with charge −ke (k > 0). Compared to the
instantaneous response of a neutral atom, the instanta-
neous Kerr response of an ion represents a few percents
and will be neglected. The nonlinear refractive-index co-
efficient can be then reduced to

nI(t) = N0(t)n2,0 . (12)

In order to describe the presence of retarded response, the
nonlinear index can be written as

∆NKerr = nII(t) + nR

∫ t

−∞
R(t− t′)I(t′)dt′ , (13)

where R denotes the time-retarded response of the me-
dium, and nI, nR the respective strengths of the instan-
taneous and the delayed Kerr effects. The instantaneous
Kerr effect corresponds to the nonlinear distortion of the
electron cloud and takes place over time scale τ ≈ 10−15 s
in all materials. The retarded Kerr effect is associated with
a nuclear motion. It has been shown in references [27]
and [28] that the retarded response in the air corresponds
to the dephasing of an initial coherent superposition of
a limited set of rotational states of molecules. Its kinet-
ics can be quite complex [27,28]. Here it will be simply
modelled by the following expression [7,9,29]:

nR

∫ t

−∞
R(t− t′)I(t′)dt′=

nR

τK

∫ t

−∞
e−(t−t′)/τKI(t′)dt′, (14)

with a simple exponential relaxation time τK of 70 fs,
approximating closely the measured response.

3 Numerical method

We use the code PARAX [10] redefined with a Crank-
Nicholson scheme which is an implicit finite-difference
method recognised as conditionless stable. The continuous
field E(z, r) is represented on a regular grid with mesh size
∆z and ∆r along axial and transverse directions, respec-
tively.

Henceforward, axisymmetry around the propagation
axis z is assumed. We have:∆ξ=∆ηω0/k0c, r̃=(m−1)∆r̃.

Let us now examine the different terms in equation (3):
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– the first term is approximated by:

∂E

∂ξ
=
En,m −En−1,m

∆ξ
, ∀n ∈ [1, Nz] , (15)

– the diffraction term in cylindrical geometry has to be
carefully discretised since quantity (1/r)∂/∂r(r∂E/∂r)
diverges for small r. For the central value of E (r = 0),
we replace ∇2

r̃E by

4

∆r̃2
(E(∆r̃)−E(0)) =

4

∆r̃2
[En,2 −En,1] . (16)

For r > 0, the first derivative term is approximated by:
1dE
rdr ≈

En,m+1−En,m−1

2rm∆r
, so that the full transverse diffrac-
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⊥ = 1
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1
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According to the Crank-Nicholson scheme, the field E is
given by E = [E(η +∆η) +E(η)]/2.

– Assuming that the variations of ∆N are always small
compared to N0 during each propagation step ∆η, the
induced change of index is then approximated as

∆N

(
E(η +∆η) +E(η)

2

)
∼= ∆N(E(η)) .

By introducing the change of notations: η1 = i∆ξ
2∆r̃2 ,

p± = 1± 2η1, um = 1/(2(m− 1)), equation (3) becomes

En,m

[
p+ −

i∆ξ

2
∆ε

]
− η1[(1 + um)En,m+1

+(1− um)En,m−1] =

En−1,m

[
p− +

i∆ξ

2
∆ε

]
+ η1[(1 + um)En−1,m+1

+(1− um)En−1,m−1] . (18)

We now address the time variation. For each value of η,
the time evolution t is discretised into k elements tk. The
Crank-Nicholson scheme is applied to each time element.
The Kerr effect and the ionisation effect can be written as
integral responses, so that their time contribution can be
reduced to a simple product at each time tk.

To stay whithin a reasonable computing time, the full
size of the time axis is taken as typically 10 times the
pulse duration and the length of the radial axis is 5 times
the beam waist; pulse duration and waist refer to 1/e2 of
the intensity peak. To avoid artifacts due to reflections at
the box boundaries, we impose absorption conditions for
outgoing fields.

The input beam can be introduced in two ways: in an
analytic form or as a data table. The pulse is defined by
the product of two functions: E(r, t) = f(r)× g(t), where

f(r) represents the input spatial profile and g(t) the input
temporal part. The spatial part is usually assumed to be
Gaussian but can also reproduce an experimental profile
measured with a beam profile analyser. The time part is
assumed to have a sech2 shape or a Gaussian shape or can
be deduced from the experimental measurements of light
spectra, assuming a given spectral phase profile.

As diagnostics, the code provides the beam inten-
sity at each point (z, r), as well as the associated fre-
quency spectrum. In addition, the local free electron den-
sity and the effective refractive index are given. Finally
at each axial location z, the beam size is defined as the
Full Width at Half Maximum (FWHM) of the fluence
F (z, r = 0) =

∫∞
−∞ I(z, r = 0, t)dt, which is the time-

integrated energy over the whole pulse, a quantity exper-
imentally accessible2.

4 Numerical results

In order to identify the influence of the different physi-
cal processes coming into play, they are introduced suc-
cessively, keeping the same input conditions. A standard
input beam typical of Ti:Sapphire laser emitting at λ0 =
800 nm is adopted for the different situations:

I(r, t) = I0 exp(−2r2/w2
0)sech2(at/τ) , (19)

where a = ln(1 +
√

2). We have chosen τ = 120 fs as
the input duration of the pulse, w0 = 2 mm as the beam
waist and I0 = 2 · 1011 W/cm2 as the peak irradiance.
These parameters lead to a total pulse energy of 2 mJ for
an incident power peak P0 = I0

∫∞
0

exp(−2r2/w2
0)2πr dr

close to 1.3 · 1010 W. In most cases, the initial temporal
phase Ψ(t) and spatial phase Φ(r) are assumed to be con-
stant. However, we will consider explicitly a case with an
initial quadratic spatial phase. The propagation of a col-
limated beam (a parallel beam) through a dispersionless
medium with instantaneous Kerr response, then through
a Kerr medium with instantaneous and retarded nonlin-
ear response and finally the same cases in the presence
of ionisation are considered. For the sake of clarity, a full
display of the pictures (−rmax ≤ r ≤ rmax) instead of a
symmetric display (0 ≤ r ≤ rmax) is used.

To complete a run with physical interest, 15 hours of
a Hewlett-Packard C160 workstation are necessary, with
typically 128 points to describe the time profile, 2000
points to define the radial extension and at least 1000
points along the propagation axis.

4.1 Instantaneous Kerr effect alone

The instantaneous nonlinear Kerr effect alone is first con-
sidered, with nI = 3.2 10−23 m2/W, typical of xenon at

2 We introduce this unusual definition of the beam diameter
in order to accommodate for pulse splitting. The usual defini-
tion in terms of intensities becomes meaningless for structured
time-profiles. However, it is always possible to define the beam
diameter in terms of fluence.
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Fig. 1. Beam diameter as a function of the propagation dis-
tance z in the case of pure instantaneous Kerr effect (contin-
uous lines), and in the case of pure diffraction only (dashed
lines).

atmospheric pressure. Figure 1 shows the well-known self-
focusing effect of the beam. After a finite propagation
distance from departure, the laser pulse collapses to a
zero diameter: beyond this point, no physical represen-
tation is then possible. The solid lines represent the size
(FWHM) of the beam as described at the end of Sec-
tion 3. Also shown is the pulse propagation in vacuum
(dashed lines) over a distance close to the Rayleigh length
given by zR = πw2

0/λ0 = 15.7 m with the initial param-
eters. In Figure 2(a) the incident power P0 exceeds the
critical power for instantaneous Kerr self-focusing effect
Pc = 1.5·10−10λ2

0/nI = 3 GW, with λ0 and nI in M.K.S.A.
units. We have deliberately chosen a ratio P0/Pc = 4.3 as
a representative case where the condition for self-focusing
is well satisfied. Figure 2(b) shows the distance of the crit-
ical focus as a function of time during the pulse duration:
because of the temporal variation of the intensity dur-
ing the ascending and descending part of the pulse, the
focal distance varies with time. The result of our numeri-
cal simulation (continuous line) is compared to the semi-
analytical expression obtained in the frame of the moving
focus model [1–9] (dashed line):

zf =
0.367k0w

2
0[√

P0

Pc
− 0.852

]2

− 0.0219

. (20)

The deviation between the present numerical calculations
(full line) and the analytical solution given by equa-
tion (20) (dashed line) shows that the semi-analytical
solution is a good approximation only for values of P0

greater than 3Pc. However, significant deviation amount-
ing to more than 50% are visible on the rising and falling
edges of the pulse.

Figure 3 shows the spectrum associated with the prop-
agating pulse at various distances. As the beam propa-
gates through the medium, the phase of the pulse is mod-
ified by the Kerr nonlinearity. The question sometimes
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Fig. 2. (a) Initial power at z = 0 m as a function of time. (b)
Location of the focal point of each time slice of the pulse (con-
tinous line) for a pure instantaneous Kerr effect. The theorical
curve [9] is the dashed one.

Fig. 3. Spectral shape evolution of the pulse versus the propa-
gation distance z for a pure instantaneous Kerr effet. The field
is radially integrated over a 160 µm diameter.

arises about the respective importance of the spectral and
spatial changes to this total phase variation. In fact, it
depends on the initial beam conditions. To illustrate this
assertion Figure 4(a) compares the beam size evolution
for two pulses with same peak intensities but with differ-
ent waists. The distance corresponding to the same spec-
tral amplitude modifications, as shown in Figure 4(b), is
shown by the two arrows. As can be seen, in one case
the beam diameter has shrinked to nearly half its initial
size whereas in the second case the beam is reduced by
less than 10%. This point is important since it allows
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Fig. 4. (a) Full width at half maximum energy in pure in-
stantaneous Kerr effect, for a 6 mm waist (continous lines)
and a 2 mm waist (dotted lines). The arrows are representing
the positions where the (b) spectra have been recorded. (b)
Comparisons between the spectra recorded at r = 0 for z = 0
(dotted line), for z = 7 m (dashed line) with a 2 mm waist,
and for z = 8 m (continuous line) for a 6 mm waist.

to validate an assumption made in some phase retrieval
methods [30–33] i.e. that spatial changes are negligible
for power ratio P0/Pc ≤ 3.

The pulse time shape is now examined as a function of
distance. A shorter pulse is obtained close to (and in the
vicinity of) the axis since an intensity-dependent trans-
fer of energy occurs from the outer parts of the beam to
the centre keeping the initial time-symmetry of the pulse.
This effect is illustrated in Figure 5 where the on-axis in-
tensity is plotted as a function of distance. By putting a
diaphragm along the path of the beam in the vicinity of
zf , self-focusing could perhaps be exploited to reduce the
initial pulse duration3.

3 Evidence for pulse shortening in the pure Kerr region has
been observed recently in our group (R. Lange, Thesis, Ecole
Polytechnique, 1998). According to the numerical results, the
pulse duration diminishes if one reduces the aperture down to

Fig. 5. Time profile of the pulse as a function of the propaga-
tion distance z for a pure instantaneous effet Kerr. The field is
radially integrated over a 160 µm diameter.

To stress this point, the expected pulse reduction is
shown in Figure 6(a) as a function of diaphragm position
for a diaphragm of 8 µm (dotted line) and 16 µm diameter
(continuous line), for the same condition as in Figure 1. In
Figure 6(b), the fraction of transmitted energy is plotted
as a function of distance for the same diaphragm sizes.
In the case of the 160 µm diameter diaphragm (full line),
the transmitted energy is significant showing that this ef-
fect can lead to a practical scheme for the reduction of
femtosecond pulses.

4.2 Retarded Kerr response

In many cases, the nonlinear Kerr effect originates from
both electrons and nuclear motion. Well-known exam-
ples are found in the literature for polar liquids such
as CS2 [34], molecular gases [35], and air more specifi-
cally [36–38]. This type of Kerr effect is characterised by
a response time which can exceed several tens of femtosec-
onds. Here we will assume that it can be cast in the form
described by equation (13).

To enlighten the effect of a retarded response, we have
simulated the time, space and spectrum evolutions of a
pulse with the value of nI + nR = 3.2 · 10−23 m2/W for
three values of the ratio rK = nR/nI, keeping nI + nR

constant. The third case approximates the air at half the
standard pressure. The decay constant τK is taken as 70 fs.

Figure 7(a) shows how the beam diameter evolves as a
function of the ratio rK due to self-focusing. The instan-
taneous Kerr effect (rK = 0) is represented by the dot-
ted curve. The added retarded Kerr effect is plotted by a
dashed curve (rK = 0.2) or a continuous line (rK = 1).
In practice the ratio of nR/nI can be changed by mixing

the filament size. Below this diameter, the pulse duration stays
constant. We could demonstrate experimentally that the pulse
duration is shorter in the filament, but could not resolve time
profiles within the filament (Lange et al., to be published).
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Fig. 6. (a) Pulse duration versus the propagation distance. For
a pure instantaneous Kerr effect, we have two radial integration
over a 8 µm diameter (dotted line) and a 160 µm diameter
(continuous line). (b) Energy density transmission in the center
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molecular gases (N2, O2, CO2) with noble gases which
have an instantaneous response only. The main conse-
quence of the retarded effect is that the critical distance
for beam collapse appears to be increased when compared
to the case of instantaneous response only. The physical
reason for this behavior is the following. Since nI + nR is
kept constant, the effective nonlinear index in the pres-
ence of a retarded response is decreased at early times. As
a consequence, the peak effective nonlinear index is de-
creased, compared to the pure instantaneous case and the

focal length increased according the rough rule zf ∝ n
−1/2
I .

4.3 Ionisation

As we have seen in Section 2.2 once the laser intensity
is in excess of 1013 W/cm2 there is an important proba-
bility that the gas becomes ionised. This ionisation leads
to a reduction of the refractive index (see Eq. (4)) and
consequently the propagation is deeply modified.

In the intensity range prevailing here, the plasma con-
sists of singly ionised atoms only. The system of equa-
tions (5) is then reduced to

dN0

dt
= −w0(t)N0 (22a)
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Fig. 7. (a) Evolution of the beam diameter with the propa-
gation distance for rK = 0 (dotted lines), rK = 0.2 (dashed
lines) and rK = 1 (continuous lines). The nonlinear index in-
cludes instantaneous and retarded Kerr effect. (b) Evolution of
the beam diameter with the propagation distance for rK = 0
(dotted lines), rK = 0.2 (dashed lines) and rK = 1 (contin-
uous lines). The nonlinear index includes instantaneous and
retarded Kerr effect, and ionisation.

for nonionised gas and

dN1

dt
= w0(t)N0 (22b)

for singly ionised atoms. So, we have

N0(t) +N1(t) = N0(t = 0) = N00 , (23)

which expresses the conservation of the number of elec-
trons in the medium. N00 is the maximum electron den-
sity which can be ionised. w0(t) represents the ionisation
probability which depends on the laser intensity I and
N0(t = 0) the initial density of neutral atoms.

In order to quantify the ionisation effect, a “hybrid”
model is used which combines the multiphoton and the
tunnelling model. To fix the value σpk in equation (8) the
ionisation rate is assumed to be fixed by equating the mul-
tiphoton rate to the tunnel rate when Γ = 1. Furthermore,
the value p = 9 is chosen in equation (9). It corresponds
to the number of photons at λ0 = 800 nm necessary to
make a multiphoton transition in the presence of a ionisa-
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Fig. 8. 3D representation of the fluence of the beam at different distances for three cases corresponding to (a) rK = 0,
(b) rK = 0.2 and (c) rK = 1. For each case we have (left) z = 0.95zf and (right) z = 1.5zf . Note the scale difference between
the left and right pictures.

tion potential of 14.6 eV. This value is close to the average
ionisation potential of N2 (15.6 eV) and O2 (12.1 eV)4.

Figure 7(b) shows the diameter of the laser beam
as a function of distance in the presence of Kerr effect
and ionisation as described by equation (4). The dotted
line corresponds to a simulation with a pure instanta-
neous Kerr effect with a value for the Kerr coefficient
nI = 3.2 10−23 m2/W (nR = 0). The dashed curve is ob-
tained in the presence of retarded Kerr effect with the Kerr

4 We have run our code with the value 12.1 eV corresponding
to the ionisation potential of oxygen and 14.6 eV. Although dif-
ferences are noticeable on a microscopic scale, the macroscopic
features are essentially the same.

coefficients nI = 2.4 · 10−23 and nR = 0.8 · 10−23 m2/W
and a time response of 70 fs for the retarded response
(Eq. (14)). The continuous line gives the beam diame-
ter when the instantaneous and retarded Kerr effect have
same magnitude nI = nR = 1.6 · 10−23 m2/W. The beam
is guided in the first two cases with the same filament
diameter. However in the third case, the beam is not
self-guided due to the decrease of the effective nonlinear
index. Figure 8 shows the spatial representations of the
energy profile at different distances for the conditions of
Figure 7(b). In Figure 8(a,b) the beam is trapped in a
self-guiding mode with 100 µm diameter over distances
exceeding many Rayleigh lengths. 5 to 10% of the ini-
tial energy is trapped in the filament. Inside this filament,
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Fig. 9. Evolution of the ionisation rate with the propagation
distance z for rK = 0 (dotted line), rK = 0.2 (dashed line). The
case rK = 1 does not appear because its maximum amplitude
is less than 10−11.

the intensity is limited to a value of a few 1013 W/cm2.
By contrast, in Figure 8(c), the beam intensity profile in-
creases with distance, since no filamentation occurs.

The crucial role of ionisation for the beam-guiding pro-
cess is shown in Figure 9. The ionisation rate increases
abruptly at the onset of the filament and fluctuates con-
siderably with distance, but it never exceeds a few per-
cent, justifying a posteriori the assumption of single stage
ionisation. It should be noted that for the same amount
of instantaneous and retarded Kerr effects, ionisation al-
though very small (≈ 10−6) can still prevent beam col-
lapse, as seen in Figure 7 (cases (a) and (b)).

Figure 10 shows the time profiles as a function of dis-
tance in the filamentation regime starting before the focal
point, for the three ratios described above. These shapes
are integrated over a 160 µm diameter section in order to
simulate experimentally accessible quantities. Before the
focal point, the pulse durations have been reduced from
120 fs to about 20 to 30 fs. In the presence of instantaneous
Kerr effect and ionisation (Fig. 10(a)) the pulse breaks
into two shorter pulses with a duration of about 20 fs
and a separation increasing with distance. By adding 20%
of retarded Kerr effect (Fig. 10(b)) and keeping nI + nR

constant, pulse breaking is also observed but the second
pulse is less important. With 50% of retarded Kerr ef-
fect (Fig. 10(c)) there is no clear appearance of a second
pulse; it is replaced by a pedestal on the back part of the
pulse. This effect can be seen in Figure 10(e) where the
time-intensity profile of the pulse is recorded in the light
filament, at z = 1.05zf , where zf is the self-focussing dis-
tance defined by equation (20). For comparison, we have
plotted in Figure 10(d) the pulse time-shape recorded at

z = 0.95zf . The initial time-symmetry of the pulse is sup-
pressed. The peak of the central part of the beam is de-
layed. The retarded Kerr effect inhibits the pulse short-
ening discussed in Section 4.1, but leads also to a distor-
tion of the pulse shape, with a steeper leading edge and a
smoother trailing edge. The observed pulse splitting is due
to ionisation, as confirmed by numerical simulation that
we made using a converging beam geometry where the
Kerr nonlinear response is switched off. A simple intuitive
explanation of how ionisation leads to pulse splitting is
not obvious to us.

The corresponding spectra, integrated spatially over
a radial diameter of 160 µm, are presented in Figure 11
with the same conditions as in Figure 10. One can observe
that self-guiding without retarded Kerr effect (Fig. 11(a))
or with 20% of retarded Kerr effect (Fig. 11(b)) is char-
acterized by strong modulations of the spectra which
is evidence for a dramatic distortion of the pulse time
profile. The spectral width can extend over a 200nm
range. By equalling instantaneous and retarded Kerr
effect (Fig. 11(c)), these strong spectral distortions are
replaced by smoother self-phase modulations as shown
for z = 0.95zf in Figure 11(d) and for z = 1.05zf in
Figure 11(e).

4.4 Filament in air

As an application, we now consider the expected behavior
of a pulse propagating in air at atmospheric pressure. The
propagation of both a collimated beam and a converg-
ing beam will be studied. The use of converging beams
makes the direct comparison with experiments easier: self-
guiding effects can occur within a reasonable distance of
a few meters. The initial conditions for the simulation are
as follows: the time duration of the pulse is τ = 120 fs,
the beam waist is about 2 mm and the peak intensity
is I0 = 1011 W/cm2. These parameters lead to an energy
close to 2 mJ. The gas is at atmospheric pressure with Kerr
parameters taken as nI = nR = 3.2 · 10−23 m2/W [28] and
τK = 70 fs [39] for the decay time associated to a single-
sided exponential retarded response.

Figure 12 shows the beam profile of an initially colli-
mated beam. The filament appears at the distance 6.40 m,
close to the experimental observation [38,40]. The cal-
culated filament diameter Φ = 100 µm is also in agree-
ment with experiments [39]. A ring pattern can be seen
(Fig. 12(c)-(f)) after the onset of the filament. As already
stressed by Kosareva et al., these rings are connected with
surges of ionization and are most probably at the origin
of the observed conical emission reported in reference [38].
Figure 13 shows the time/space profile of the beam inten-
sity at different distances before the onset of the filament
(panel (a), z = 6 m) and behind (panel (b), z = 6.5 m)
the guiding onset distance. In contrast to the case of Fig-
ure 10(c), more than one pulse survives. Note that the
pressure is twice the pressure of the corresponding case in
Figure 10(c), hence the difference in the pulse profile.

With a focal length f = 2 m, a converging beam be-
haves similarly in terms of filament size, intensity and
pulse squeezing (Fig. 14) as a freely propagating beam.
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Fig. 12. Collimated beam propagation in air of a 1 mJ, 120 fs pulse. The fluence of the beam is given for different distances
before the onset of the filament (zf = 6.4 m) at (a) z = 0 m and (b) z = 6 m, and after the onset at (c) z = 8.8 m, (d)
z = 11.6 m, (e) z = 15.8 m and (f) z = 16.85 m. Note the appearance of rings after the onset.

Fig. 13. (a) Time evolution of the pulse shape before the onset of the filament at z = 6 m. (b) Time evolution of the pulse
shape after the onset of the filament at z = 6.5 m.
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Fig. 14. Converging beam propagation in air of a 1 mJ, 120 fs pulse with a focal length f = 2 m. The fluence of the beam is
given for different distances before the onset of the filament at (a) z = 0 m and after the onset at (b) z = 1.76 m, (c) z = 2.1 m
and (d) z = 2.3 m. Note the apparition of a mininum of the central part of the pulse (b) which is reprensentative of a ring.

This is not too surprising, since ionisation acts as a reg-
ulator which steps in once the local intensity reaches the
threshold-like value necessary for multiphoton ionisation.
A fact to be noted is the appearance of a mininum in the
central part of the pulse, reflecting a ring pattern. This
minimum exists over a few centimeters and then disap-
pears5.

In Figure 15, two forms of propagation are com-
pared: collimated beam (on the left) and converging beam
(right). For each form, the diameter (up) and the corre-
sponding ionisation rate (down) are plotted. As reported
above, the diameter presents a similar behavior. The use
of a focal length imposes a more homogeneous diameter
to the converging beam (Fig. 15(b)) because the focali-
sation does not permit spatial expansion. The ionisation
rate (Fig. 15(c), (d)) fluctuates with distance but is al-
ways less than one percent at the center of the beam. If

5 We tentatively interpret the central minimum (which we
observe experimentally) as energy transferred to outer rings.
A central minimum appears also with parallel beam geometry,
albeit less pronounced (see Fig. 12).

integrated over the beam diameter, the average ionisation
rate is reduced to less than 0.1%. This probably explains
why it is difficult to observe experimentally the trail of
ionised air behind the pulse [41]. One notices surges of
the ionisation rate, showing that we deal with a pseudo-
dynamic equilibrium between ionisation and Kerr effect,
rather than a true dynamic equilibrium, such as occurs
in a soliton for instance. The front edges of the ionisation
structures are correlated with the decrease of pulse diam-
eter, while the trailing edge corresponds to the increase
of the beam diameter. Near the focal point, the ionisation
process sets in suddenly to prevent the beam collapse,
then decreases within a few centimeters of further prop-
agation of the pulse. It is mainly in this region that ring
patterns such as those of Figure 14(b) are generated. The
onset of ionisation is recurrent, with quasi-periodic surges
occurring over finite distances. By taking the local con-
ditions immediately after the ionisation flash has occured
and using equation (20), we can calculate a self-focussing
distance of the beam which is compatible with the period
of the surges. Therefore, bursts of ionisation are essen-
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Fig. 15. Pulse diameter (a, b) and (c, d) associated ionisation rate as a function of the propagation distance for two configu-
rations: (a, c) parallel beam propagation and (b, d) converging beam propagation with a focal length of 2 m.

tial for controlling the self-guiding, dissipating thereby a
minimum of energy.

5 Conclusions and perspectives

In this paper, a detailed numerical study of femtosec-
ond pulse propagation in transparent media has been per-
formed. The different nonlinear effects which play a role
have been introduced successively, in such a way that their
contribution can be better appreciated. In a last stage,
simulations performed with conditions approaching those
of the usual atmospheric air have revealed an intricate be-
havior. Effects such as pulse self-shortening, self-focussing
and time-splitting occur through the combined effect of
the nonlinear Kerr effect and multiphoton ionisation. Self-
guided propagation of compressed pulses emerges, with a
stable propagation mode over very long distances. The es-
sential role of multiphoton ionisation in this stabilisation
process has been pointed out.

In its present form, the code disregards the group ve-
locity dispersion. This restricts its validity to dilute sys-
tems far from gas resonance and to distances of a few
meters for 100 fs pulses and to distances of a few cen-
timeters for self-compressed self-guided pulses. However,
it illustrates the key features leading to measurable pulse
changes. An improved code including group velocity dis-
persion and losses resulting from ionisation is presently
developed. This code will necessarily increase the com-
puting time.
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